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OF UNIVALENT FUNCTION BY CHEBYSHEV
POLYNOMIAL
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Abstract—In this work, the class Mp(7,t) of a normalized
analytic univalent function defined by the subordination of
Chebyshev polynomial of the second kind was introduced. The
initial coefficients for the class was obtained. Furthermore, the
Fekete-Szego functional involving the class was examined.

Index Terms—analytic functions, univalent function, subordi-
nation, Chebyshev polynomial, Fekete-Szego functional.

1. INTRODUCTION

Let A represent the class of functions of the form:
f(z)zz—l—Zakzk, (z€U) (L.1)
k=2

which are analytic in the open unit disc U = {z € C : |z| < 1}
normalised by f(0) =0 and f’(0) = 1. Also S represent the
class of analytic univalent and normalised function in U.
The function [ is said to be subordinate to L, written I(z) <
L(z), if there exists a function w analytic in U, with w(0) =0
and |w(z)| < 1 and such that I(z) = L(w(z)).

The Chebyshev polynomials are of four kinds. Among these
four kinds, the first and second kinds T,,(t) and U,(t) are
mostly used in geometric function theory. Najafzadeh and
Salleh (2022) determined the coefficient bound and convolu-
tion property of a new class of univalent functions associated
with Chebyshev polynomial.

The Chebyshev polymomial of the first and second kind are
defined respectively as;

T, (t) = cosna

sin (n + 1)«
sin «

Un(t) = te(-1,1),

where ¢ = cosa and n denotes the degree of the polyno-
mial. The generating functions of both the first and second kind
of Chebyshev polynomials are defined respectively by:

> 1—tz
T,(t)2" = ————
nZ:o (t)2 1— 2tz + 22
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oo

1 sin (n + 1)«
Ht) = —— =1 smint ) n
(z,) 1 — 2tz + 22 +n§::1 sne

Then from Whittaker and Watson (1963);
H(z,t) =14+ Ui(t) + Ua(t)22 + Us(t)22 + -+ (1.2)

Let .
sinn arccost

V1—1t?

Then first and second kind are connected by the relation.

Ty (t) = Un(t) — tUn_1(t)

Unfl = (TL S N,)

Up(t) = 2tU, _1(t) — Up_2(t) (1-3)
then;
Ui(t) = 2t,
Us(t) =4t — 1, (1.4)

Us(t) = 8t3 — 4t

Various works have been done with Chebyshev polynomials
in literature. [5] [11] [13].

In geometric function theory, one of the typical problem is
the study of a functionals that consists of combinations of
the coefficients of the initial function. Most often, there is a
parameter for which the function extremal value is required.
It is defined by the coefficient of the odd number functions.

1(2) =
In 1933, Fekete-Szego proved that;

f(z2)2=z4+e3z®+e2+---

3—4o ifo <0
lag — oa?| < 1+e<1_2‘;> ifo<o<1 (1.5)
40 -3 ifo>1

The determination of the sharp bounds for the functional
lag — ca3| is known as the Fekete-Szego functional.
Hari et.al (2020) studied a new subclass of normalized analytic
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functions with respect to symmetrical points in an open unit
disk.The Fekete Szego functional has been investigated by
several authors in literature. [8] [15].

2. PRELIMINARIES

Altinkaya and Sibel (2016) [13], Fadipe-Joseph et.al (2017)
[4] and Yasamian et.al (2020) [18] established the coefficient
bounds for different classes of analytic univalent functions.
Yasamian et.al (2020) [ 18] introduced a superclass M p which

is defined as:
MD : ) S S}

{renm (5=

From (2),

It follows that

2 2 3 4 5
9(2) (2+4 Tt e tet )+ Zak

. k
(z 22 23t P )

++t -+ =+t
Then by expanding and taking like terms we obtain;

2 4 8 16 32
B 1 az) - 1 a2 a3
g(Z)—Z+<2+2>Z +<4+2+

3as  3as 4 1 ax 3az a4
+ 8 + 8 + 8) + 16+ 4 + 8 + 4
as
2.1
+16)Z +- 2.1)

Lemma 2.1. ( [J]) Let w be an analytic function then from
the principle of subordination, it shows that if |w(z)| = |e1z+

e22? +e3zd +eqzt+ - <1, z€H, then
le;| <1, forall (ieN) (2.2)
and
lea — el < max{1,|¥|} (¥ €R) (2.3)

Definition 2.2. The function g € Mp is in the class Mp(T,t)
where 0 <17 <landt e (%, 1) if the following subordination
holds

TUONN— .
+T(1+ ) > < H(z,1) ( e(;—li)

where, ¢'(z) and g"(z) are the first and second derivative of
(2.1) defined as follows;

4 2 4

g/(z)—1+(1+a2)z+( 3

(2.5)

3 3 3 1 3
+az+a3>z+<+a2

2 2

7CL3 3@4 2 5 15(13
+5 2) +<4+5a2+ 5

() = (1+az) + (3

5
+5a4+25>23+--~. 26)

3. RESULTS

In this section, motivated by the work of Yasamian et.al
(2020) [18] and by the principle of subordination, the initial
coefficients for the class M p(7,t) are obtained. These initial
coefficient bounds satisfies and agrees with recent works using
the Chebyshev polynomial. Furthermore, the Fekete-Szego
which finds application in the theory of singularities were
obtained.

Theorem 3.1. If g(z) given in (2.1) belongs to the class
Mp(r,t) : 0 <71 <1, then;

ool < 5 ! S
as| St2+4at+2r+1  (2t7)(4r+2)  (42)(1+37)
T 23+ (3+7)A+7) (3+7)(1+7)?
and
aal 8t(217% + 31 — 2) 16t 16t* + 12t + 37 — 3
- (14301 +7) (1+7)2 (1+37)

20(1 4 57) 4+ 4t(1 + 57) (7 + 2t + 4¢%)
L+ +3n)(1+7)

16t%(1072 + 167 + 6) 16t3(1 + 57)
A+3r)(1+7) (z+7)(1+7)

(1+57)(1 — 2(7 + 2t + 4t?)) (1 + 57)(4t)

2(3+7)(1+37) (A +7)(1+7)2

(14 77)(4t)3 6413 4 6412 — 16t + 77 — 15

B4+97)(1+7)3 (3+97)

Proof. Assume g € Mp(7,t), then from (2.4) and (2.3);

L) (O
(1 )g(z) + <1+ g,(z)> H(w(z,t) (3.1

where,

H(w(z,t)) = 14+ Uy ()w(z) + Uz (t)w? wW3(2) 4

(3.2)

(2) +Us(t)

Then from (2.2);
w(z) =e1z4ex2? +egz® +eqzt +---
w?(z) =

w3(2) = e32° + 3eTenz? 4 3(eles +e1e2)2® + - -

€222 42e1e02° 4 (2e1e3+€3) 2 +(eres+2e0e3) 25+ - -

wi(z) = efzt + 4e3ey2° + -

WO(z) =€ +---

2 Thus,

3az3  as\ 3 5 Sas 15a3 bagy das \ 4
+2+2>Z+16+4+8+4+162+ )

H(w(z,t) =14+ Ui(t)erz + [Ui(t)eg + Ua(t)el]2?
+ [Ul(t)eg, + 2U2(t)€162 + U3(t)6?]2’3 + -
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Therefore,

Q) (L N .
(1-71) o) + (1+ ) ) 14+ Ui(t)erz+
[Ul (t)eg + U2<t)€%]z2 + U3 (t)eg + 2U2(t)61€2
+ Us(t ) 34 (3.3)
Hence,

(1-7) zg'(2)

+
NS
N———
N
N}
+
7N
+
w‘ﬁ
+
)
(9+]
N———

l\’)\»—l

3 3
T a4)23

25&2

e
+(§5+ +2?25>z4+~}

HEEE T S TS YRR

25&4

+ Bos 4

(3.5)

Then adding (3.4) and (3.5) with some simple calculation the

left hand side of (3.3) and comparing coefficients, we have;
For z;

l-7)+7=1

= <1 + T) (; + a;) = Ui (t)er

2

:1++a
g T2 T

2) L <;+a2+a23> +T<1+2a2+a3>
— (1 + a2)Us (t)es — (; + ?)Ul(t)el
= [U(t)ez + Ua(t)ef].

(3.6)
For z2;

(3.7)

For 23;

(3.8)

(3.4)

Then from (3.7) and (3.8) we obtain;

S (Ly (il Lesi)az
9 T |as 2 27’ as 4 47’ Ao
1
+ (1 + T) 1= [Uy(t)es + Us(t)ed].

For 2*

2
aj asas  asg 1
+ 4 + 3 + 3 ) (1 + 2(12 + (13> Ul(t)el (2

+as + 2)Ul( Jer (‘Z + 332> [Ur(t)es + Ua(t)ed]

= [Uy(t)es + 2Us(t)ereq + Us(t)es]. (3.10)
Then from (3.7), (3.9) and (3.10) gives
= 7+Tg a4 + §+T§ as — §+TE az2a
g '8) T \a"2) 8T8 )
(S D - (2 Yz (242 Yar
g '8) \8 "8 )T \8g"8)"
1
<1 + 7'> 3= [Ui(t)es + 2Us(t)eres + Us(t)ed] (3.11)
From (3.6) and (3.7) we obtain,;
4t€1
= — 1.
= as ) (3.12)
Now we can see from lemma 2.1 that;
las] < —F g
1S+
From (3.9) and (3.12);
1 2t€17’
= az = - 4742
T2+ (%+T)(1+T)[ ]
422 2t 4t%e2 — €2
SR S— 2[1+3T]+T+ rita-a
(3 +7)(1+7) (3+7)
(3.13)
Then from lemma 2.1 we obtain,;
as| 8t2+4t+27+1  (2t7)(47 +2)
3] <

25+ (G
(4t2)(1 + 37)
(3 +7)A+7)

(1+7)
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From (3.11), (3.12), (3.13) and following the lemma 2.1 we From lemma 2.1, we have

have; 9 2t
sl < 8t(2172 +3r —2) 1612 N 1662 + 12t 4+ 37 — 3 las — oa3| < I+ max{l’
YA+ (142 (1437) (L +7)(1682 — 8¢(1 +7) + (1 +7)2)
2t(1 4 57) + 4t(1 + 57) (7 + 2t + 4¢%) g 20(1+7)2
(3+71+37)(1+7) (82— 27 —1) 24(1+37) 7(47+2)
16t2(1072 + 167 + 6) 16t3(1 + 57) - At TP 1+n) |
2 1 3
( 1+ ?z—)(l +(T) (22;)_ T)(1(+ 7) \( 2) Since ¢ > 0, we have
14+57)(1 —2(7 + 2t + 4t 1+ 57)(4t
- + 1 16t2 — 8t(1 1+47)2 227 -1
2(3 +7)(1+37) (3 +7)(A+7)? ‘0(2+T)( 2t(1(++)27)+( ) (8 4; )
(14 77)(48)> 643 + 6412 — 16t + 71 — 15 T

C2t(1+37) | T(4T+2)

B+9In)(1+7)3 (34+97) e 057 1.
This completes the proof. O
2
Fekete-Szego inequalities for the class Mp(T,t) o (8t°—2r—1) 2t(1+37r) 7(d4r+2) 1
2
Theorem 3.2. If g(z) given in (2.1) belongs to the class ) 4t ) (1+7) (1 _2|' 7)
Mp(7,t) then, <a(§ + 7)(16t Q—t(Slt(l —|—);’)—|—(1+7‘) ) -
< g <
2t
| L 7 € [o1, 0] (82 -2r—1) 201437) 7(4r+2)
az — 0da] = ot | T(ort 812271 7
evEy 2t((1+r))2 - B o ¢ o4, 00] 4 (1+7) (1+7)
(3.14) &0y <0 <o,
where 0

4t(1+7)% + (1 + 7)%(8t% — 27 — 1) + 8¢2(1 + 37)
_ , || 3. h ;1) then;
o1 2L+ (168 — 801 =) + 1+ 1)?) Corollary 3.3. If g(z) belongs to the class Mp(0,t) then
<
4t(1+7) 4+ (1+7)%(8t* — 27 — 1) 4 8*(1 4 37) laz] < 4t +1,
09 =
? 23 +7)(1612 —8t(1 —7) + (1 +7)?) ’ lag| < 1662 + 4t + 1
1 and
T(o,7,t) = 0(5 +7)(16t% — 8t(1 +7) + (1 + 7)) 104 .
3 2
— 431+ 37) + 27 (47 + 2)(1 + 7). |ag] < 6487 + 32" — —=t + 5.
Proof. From (3.12) and (3.13) Corollary 3.4. If g(z) belongs to the class Mp(1,t) then;
a4y = dteq 1 las| < 2t +1,
(I1+7) 16 N
laz| < gtg +3t+1
4te 2 4te
2 1 1
a2—<> —2——— 41 and
1 1 1 2
(1+7) (147) |a4|§16t3+§t2+%t+§.
ag = 1 _ 2terr(47+2) At%ei(1 + 37) Corollary 3.5. If g(z) belongs to the class Mp(0,t) then;
20+7) G+n0+7n) G+n+7)?
T+2t€2+4t26%_6% |a —aa2|< t 06[01,02}
T+ . 3 21 = 9 o6t 78t+1)47(8t 082 | [y, o)
then it follows that o Corollary 3.6. If g(z) belongs to the class Mp(1,t) then;
2
_ < 27 eo—
|CL3 O'Cl2| = (% —|—T) €2 5 % OlS [01702]
as —oas| <
2f (G768 —8t(1 +7) + (1+7)%) las = o3| < Dl o ¢ [o1,09]
! 2t(1 + 7)2
(8P —2r—1) 2(1437)  T@T+ 2)} ‘ where
At (147)? (I+7) G(o,t) = o(1 + 27)(4t> — 4t + 1) — (8> — 3) — 8% + 12¢.
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4. DISCUSSION

In this work, a novel class of normalized analytic univalent
functions, denoted as M p (7, ), is introduced. These functions
are defined through the subordination of Chebyshev polyno-
mials of the second kind. The initial coefficients for this class
are derived. Additionally, the study explores the Fekete-Szego
functional associated with this class, although the abstract cuts
off before detailing the specific findings in this regard. Overall,
the work presents a fresh perspective on univalent functions
and their connections to Chebyshev polynomials, laying the
groundwork for further investigation into their properties and
applications for more details [19]-[22].

5. CONCLUSION

In conclusion, this work introduces the class Mp(7,t) of
normalized analytic univalent functions, defined by the sub-
ordination of the second kind Chebyshev polynomial. Initial
coefficients for this class were derived, and the Fekete-Szego
functional associated with it was investigated, for more details

see [23]-[27].
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