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Abstract—In this work, the class MD(τ, t) of a normalized
analytic univalent function defined by the subordination of
Chebyshev polynomial of the second kind was introduced. The
initial coefficients for the class was obtained. Furthermore, the
Fekete-Szego functional involving the class was examined.

Index Terms—analytic functions, univalent function, subordi-
nation, Chebyshev polynomial, Fekete-Szegö functional.

1. INTRODUCTION

Let A represent the class of functions of the form:

f(z) = z +
∞∑
k=2

akz
k, (z ∈ U) (1.1)

which are analytic in the open unit disc U = {z ∈ C : |z| < 1}
normalised by f(0) = 0 and f ′(0) = 1. Also S represent the
class of analytic univalent and normalised function in U.
The function l is said to be subordinate to L, written l(z) ≺
L(z), if there exists a function ω analytic in U, with ω(0) = 0
and |ω(z)| < 1 and such that l(z) = L(ω(z)).
The Chebyshev polynomials are of four kinds. Among these
four kinds, the first and second kinds Tn(t) and Un(t) are
mostly used in geometric function theory. Najafzadeh and
Salleh (2022) determined the coefficient bound and convolu-
tion property of a new class of univalent functions associated
with Chebyshev polynomial.
The Chebyshev polymomial of the first and second kind are
defined respectively as;

Tn(t) = cosnα

Un(t) =
sin (n+ 1)α

sinα
t ∈ (−1, 1),

where t = cosα and n denotes the degree of the polyno-
mial.The generating functions of both the first and second kind
of Chebyshev polynomials are defined respectively by:

∞∑
n=0

Tn(t)z
n =

1− tz

1− 2tz + z2

H(z, t) =
1

1− 2tz + z2
= 1 +

∞∑
n=1

sin (n+ 1)α

sinα
zn

Then from Whittaker and Watson (1963);

H(z, t) = 1 + U1(t) + U2(t)z
2 + U3(t)z

3 + · · · (1.2)

Let
Un−1 =

sinn arccos t√
1− t2

(n ∈ N, )

Then first and second kind are connected by the relation.

Tn(t) = Un(t)− tUn−1(t)

Un(t) = 2tUn−1(t)− Un−2(t)
(1.3)

then;

U1(t) = 2t,

U2(t) = 4t2 − 1,

U3(t) = 8t3 − 4t

(1.4)

Various works have been done with Chebyshev polynomials
in literature. [5] [11] [13].
In geometric function theory, one of the typical problem is
the study of a functionals that consists of combinations of
the coefficients of the initial function. Most often, there is a
parameter for which the function extremal value is required.
It is defined by the coefficient of the odd number functions.

l(z) =
√
f(z)2 = z + e3z

3 + e55 + · · ·

In 1933, Fekete-Szego proved that;

|a3 − σa22| ≤


3− 4σ if σ ≤ 0

1 + e

(
−2σ
1−σ

)
if 0 ≤ σ ≤ 1

4σ − 3 if σ ≥ 1

(1.5)

The determination of the sharp bounds for the functional
|a3 − σa22| is known as the Fekete-Szego functional.
Hari et.al (2020) studied a new subclass of normalized analytic
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functions with respect to symmetrical points in an open unit
disk.The Fekete Szego functional has been investigated by
several authors in literature. [8] [15].

2. PRELIMINARIES

Altinkaya and Sibel (2016) [13], Fadipe-Joseph et.al (2017)
[4] and Yasamian et.al (2020) [18] established the coefficient
bounds for different classes of analytic univalent functions.
Yasamian et.al (2020) [18] introduced a superclass MD which
is defined as:

MD :≡
{
f ∈ H(D) : 2f

(
z

2− z

)
∈ S

}
.

From (2),

g(z) = 2f

(
z

2− z

)
.

It follows that

g(z) = 2

(
z

2
+
z2

4
+
z3

8
+
z4

16
+
z5

32
+ · · ·

)
+ 2

∞∑
k=2

ak(
z

2
+
z2

4
+
z3

8
+
z4

16
+
z5

32
+ · · ·

)k

.

Then by expanding and taking like terms we obtain;

g(z) = z +

(
1

2
+
a2
2

)
z2 +

(
1

4
+
a2
2

+
a3
4

)
z3 +

(
1

8

+
3a2
8

+
3a3
8

+
a4
8

)
z4 +

(
1

16
+
a2
4

+
3a3
8

+
a4
4

+
a5
16

)
z5 + · · · (2.1)

Lemma 2.1. ( [3]) Let ω be an analytic function then from
the principle of subordination, it shows that if |ω(z)| = |e1z+
e2z

2 + e3z
3 + e4z

4 + · · · | < 1, z ∈ H, then

|ei| ≤ 1, for all (i ∈ N) (2.2)

and
|e2 − ψe21| ≤ max{1, |ψ|} (ψ ∈ R) (2.3)

Definition 2.2. The function g ∈ MD is in the class MD(τ, t)
where 0 ≤ τ ≤ 1 and t ∈

(
1
2 , 1
)

if the following subordination
holds

(1− τ)
zg′(z)

g(z)
+ τ

(
1 +

zg′′(z)

g′(z)

)
≺ H(z, t) (z ∈ H)

(2.4)
where, g′(z) and g′′(z) are the first and second derivative of
(2.1) defined as follows;

g′(z) = 1 + (1 + a2)z +

(
3

4
+

3a2
2

+
3a3
4

)
z2 +

(
1

2
+

3a2
2

+
3a3
2

+
a4
2

)
z3 +

(
5

16
+

5a2
4

+
15a3
8

+
5a4
4

+
5a5
16

)
z4 + · · · ,

(2.5)

g′′(z) = (1 + a2) +

(
3

2
+ 3a2 +

3a3
2

)
z +

(
3

2
+

9a2
2

+
7a3
2

+
3a4
2

)
z2 +

(
5

4
+ 5a2 +

15a3
2

+ 5a4 +
5a5
4

)
z3 + · · · . (2.6)

3. RESULTS

In this section, motivated by the work of Yasamian et.al
(2020) [18] and by the principle of subordination, the initial
coefficients for the class MD(τ, t) are obtained. These initial
coefficient bounds satisfies and agrees with recent works using
the Chebyshev polynomial. Furthermore, the Fekete-Szego
which finds application in the theory of singularities were
obtained.

Theorem 3.1. If g(z) given in (2.1) belongs to the class
MD(τ, t) : 0 ≤ τ ≤ 1, then;

|a2| ≤
4t

(1 + τ)
+ 1,

|a3| ≤
8t2 + 4t+ 2τ + 1

2( 12 + τ)
+

(2tτ)(4τ + 2)

( 12 + τ)(1 + τ)
+

(4t2)(1 + 3τ)

( 12 + τ)(1 + τ)2
,

and

|a4| ≤
8t(21τ2 + 3τ − 2)

(1 + 3τ)(1 + τ)
+

16t2

(1 + τ)2
− 16t2 + 12t+ 3τ − 3

(1 + 3τ)

+
2t(1 + 5τ) + 4t(1 + 5τ)(τ + 2t+ 4t2)

( 12 + τ)(1 + 3τ)(1 + τ)

+
16t2(10τ2 + 16τ + 6)

(1 + 3τ)(1 + τ)2
+

16t3(1 + 5τ)

( 12 + τ)(1 + τ)3

+
(1 + 5τ)(1− 2(τ + 2t+ 4t2))

2( 12 + τ)(1 + 3τ)
+

(1 + 5τ)(4t2)

( 12 + τ)(1 + τ)2

+
(1 + 7τ)(4t)3

(3 + 9τ)(1 + τ)3
+

64t3 + 64t2 − 16t+ 7τ − 15

(3 + 9τ)
.

Proof. Assume g ∈ MD(τ, t), then from (2.4) and (2.8);

(1− τ)
zg′(z)

g(z)
+ τ

(
1 +

zg′′(z)

g′(z)

)
= H(ω(z, t)) (3.1)

where,

H(ω(z, t)) = 1+U1(t)ω(z)+U2(t)ω
2(z)+U3(t)ω

3(z)+ · · ·
(3.2)

Then from (2.2);

ω(z) = e1z + e2z
2 + e3z

3 + e4z
4 + · · ·

ω2(z) = e21z
2+2e1e2z

3+(2e1e3+e
2
2)z

4+(e1e4+2e2e3)z
5+· · ·

ω3(z) = e31z
3 + 3e21e2z

4 + 3(e21e3 + e1e
2
2)z

5 + · · ·

ω4(z) = e41z
4 + 4e31e2z

5 + · · ·

ω5(z) = e51z
5 + · · ·

Thus,

H(ω(z, t)) = 1 + U1(t)e1z + [U1(t)e2 + U2(t)e
2
1]z

2

+ [U1(t)e3 + 2U2(t)e1e2 + U3(t)e
3
1]z

3 + · · ·
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Therefore,

(1− τ)
zg′(z)

g(z)
+ τ

(
1 +

zg′′(z)

g′(z)

)
= 1 + U1(t)e1z+

[U1(t)e2 + U2(t)e
2
1]z

2 +

[
U1(t)e3 + 2U2(t)e1e2

+ U3(t)e
3
1

]
z3 + · · · (3.3)

Hence,

(1− τ)
zg′(z)

g(z)
=

(1− τ)

[
z + (1 + a2)z

2 +

(
3
4 + 3a2

2 + 3a3

4

)
z3+

z +

(
1
2 + a2

2

)
z2 +

(
1
4 + a2

2 + a3

4

)
z3(

1
2 + 3a2

2 + 3a3

2 + a4

2

)
z4 + · · ·

]
+

(
1
8 + 3a2

8 + 3a3

8 + a4

8

)
z4 + · · ·

(3.4)

τ

(
1 +

zg′′(z)

g′(z)

)
=

=

τ

[
1 + 2(1 + a2)z +

(
9
4 + 9a2

2 + 9a3

4

)
z2

1 + (1 + a2)z +

(
3
4 + 3a2

2 + 3a3

4

)
z2

+

(
2 + 6a2 + 6a3 + 2a4

)
z3

+

(
1
2 + 3a2

2 + 3a3

2 + a4

2

)
z3

+

(
25
16 + 25a2

4 + 75a3

8 + 25a4

4 + 25a5

16

)
z4 + · · ·

]
+

(
5
16 + 5a2

4 + 15a3

8 + 5a4

4 + 5a5

16

)
z4 + · · ·

. (3.5)

Then adding (3.4) and (3.5) with some simple calculation the
left hand side of (3.3) and comparing coefficients, we have;
For z;

(1− τ) + τ = 1 (3.6)

For z2;

⇒
(
1 + τ

)(
1

2
+
a2
2

)
= U1(t)e1 (3.7)

For z3;

⇒
(
1

2
+ a2 +

a22
2

)
+

(
1

2
+ a2 +

a3
2

)
+ τ

(
1 + 2a2 + a3

)
− (1 + a2)U1(t)e1 −

(
1

2
+
a2
2

)
U1(t)e1

= [U1(t)e2 + U2(t)e
2
1]. (3.8)

Then from (3.7) and (3.8) we obtain;

⇒
(
1

2
+ τ

)
a3 +

(
1

2
+

1

2
τ

)
a2 −

(
1

4
+

3

4
τ

)
a22

+

(
1 + τ

)
1

4
= [U1(t)e2 + U2(t)e

2
1]. (3.9)

For z4

⇒ 7

(
1

8
+

3a2
8

+
a22
4

+
a2a3
8

+
a3
8

)
+

(
3

8
+

9a2
8

+
9a3
8

+
3a4
8

)
+ 9τ

(
1

8
+

3a2
8

+
3a3
8

+
a4
8

)
+ τ

(
1

8
+

3a2
8

+
a22
4

+
a2a3
8

+
a3
8

)
−
(
1 + 2a2 + a3

)
U1(t)e1 −

(
1

2

+ a2 +
a22
2

)
U1(t)e1 −

(
3

2
+

3a2
2

)
[U1(t)e2 + U2(t)e

2
1]

= [U1(t)e3 + 2U2(t)e1e2 + U3(t)e
3
1]. (3.10)

Then from (3.7), (3.9) and (3.10) gives

⇒
(
3

8
+ τ

9

8

)
a4 +

(
3

4
+ τ

3

2

)
a3 −

(
3

8
+ τ

15

8

)
a2a3

+

(
1

8
+ τ

7

8

)
a32 −

(
5

8
+ τ

11

8

)
a22 +

(
3

8
+ τ

3

8

)
a2+(

1 + τ

)
1

8
= [U1(t)e3 + 2U2(t)e1e2 + U3(t)e

3
1] (3.11)

From (3.6) and (3.7) we obtain;

⇒ a2 =
4te1

(1 + τ)
− 1. (3.12)

Now we can see from lemma 2.1 that;

|a2| ≤
4t

(1 + τ)
+ 1.

From (3.9) and (3.12);

⇒ a3 =
1

2( 12 + τ)
− 2te1τ

( 12 + τ)(1 + τ)
[4τ + 2]

+
4t2e21

( 12 + τ)(1 + τ)2
[1 + 3τ ] +

τ + 2te2 + 4t2e21 − e21
( 12 + τ)

.

(3.13)

Then from lemma 2.1 we obtain;

|a3| ≤
8t2 + 4t+ 2τ + 1

2( 12 + τ)
+

(2tτ)(4τ + 2)

( 12 + τ)(1 + τ)

+
(4t2)(1 + 3τ)

( 12 + τ)(1 + τ)2
.
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From (3.11), (3.12), (3.13) and following the lemma 2.1 we
have;

|a4| ≤
8t(21τ2 + 3τ − 2)

(1 + 3τ)(1 + τ)
+

16t2

(1 + τ)2
+

16t2 + 12t+ 3τ − 3

(1 + 3τ)

+
2t(1 + 5τ) + 4t(1 + 5τ)(τ + 2t+ 4t2)

( 12 + τ)(1 + 3τ)(1 + τ)

+
16t2(10τ2 + 16τ + 6)

(1 + 3τ)(1 + τ)2
+

16t3(1 + 5τ)

( 12 + τ)(1 + τ)3

− (1 + 5τ)(1− 2(τ + 2t+ 4t2))

2( 12 + τ)(1 + 3τ)
+

(1 + 5τ)(4t2)

( 12 + τ)(1 + τ)2

+
(1 + 7τ)(4t)3

(3 + 9τ)(1 + τ)3
+

64t3 + 64t2 − 16t+ 7τ − 15

(3 + 9τ)
.

This completes the proof.

Fekete-Szego inequalities for the class MD(τ, t)

Theorem 3.2. If g(z) given in (2.1) belongs to the class
MD(τ, t) then,

|a3 − σa22| ≤


2t

( 1
2+τ)

σ ∈ [σ1, σ2]

2t
( 1
2+τ)

∣∣∣∣ T (σ,τ,t)
2t(1+τ)2 − (8t2−2τ−1)

4t

∣∣∣∣ σ ̸∈ [σ1, σ2]

(3.14)
where

σ1 =
4t(1 + τ)2 + (1 + τ)2(8t2 − 2τ − 1) + 8t2(1 + 3τ)

2( 12 + τ)(16t2 − 8t(1− τ) + (1 + τ)2)
,

σ2 =
4t(1 + τ)2 + (1 + τ)2(8t2 − 2τ − 1) + 8t2(1 + 3τ)

2( 12 + τ)(16t2 − 8t(1− τ) + (1 + τ)2)
,

T (σ, τ, t) = σ(
1

2
+ τ)(16t2 − 8t(1 + τ) + (1 + τ)2)

− 4t2(1 + 3τ) + 2tτ(4τ + 2)(1 + τ).

Proof. From (3.12) and (3.13)

a2 =
4te1

(1 + τ)
− 1

a22 =

(
4te1

(1 + τ)

)2

− 2
4te1

(1 + τ)
+ 1

a3 =
1

2( 12 + τ)
− 2te1τ(4τ + 2)

( 12 + τ)(1 + τ)
+

4t2e21(1 + 3τ)

( 12 + τ)(1 + τ)2

+
τ + 2te2 + 4t2e21 − e21

( 12 + τ)
.

then it follows that

|a3 − σa22| ≤
2t

( 12 + τ)

∣∣∣∣e2−
e21

[
σ
( 12 + τ)(16t2 − 8t(1 + τ) + (1 + τ)2)

2t(1 + τ)2

− (8t2 − 2τ − 1)

4t
− 2t(1 + 3τ)

(1 + τ)2
+
τ(4τ + 2)

(1 + τ)

]∣∣∣∣.

From lemma 2.1, we have

|a3 − σa22| ≤
2t

( 12 + τ)
max

{
1,∣∣∣∣σ ( 12 + τ)(16t2 − 8t(1 + τ) + (1 + τ)2)

2t(1 + τ)2

− (8t2 − 2τ − 1)

4t
− 2t(1 + 3τ)

(1 + τ)2
+
τ(4τ + 2)

(1 + τ)

∣∣∣∣}.
Since t > 0, we have∣∣∣∣σ ( 12 + τ)(16t2 − 8t(1 + τ) + (1 + τ)2)

2t(1 + τ)2
− (8t2 − 2τ − 1)

4t

− 2t(1 + 3τ)

(1 + τ)2
+
τ(4τ + 2)

(1 + τ)

∣∣∣∣ ≤ 1.

⇔ (8t2 − 2τ − 1)

4t
+

2t(1 + 3τ)

(1 + τ)2
− τ(4τ + 2)

(1 + τ)
− 1

≤ σ
( 12 + τ)(16t2 − 8t(1 + τ) + (1 + τ)2)

2t(1 + τ)2
≤

(8t2 − 2τ − 1)

4t
+

2t(1 + 3τ)

(1 + τ)2
− τ(4τ + 2)

(1 + τ)
+ 1

⇔ σ1 ≤ σ ≤ σ2.

Corollary 3.3. If g(z) belongs to the class MD(0, t) then;

|a2| ≤ 4t+ 1,

|a3| ≤ 16t2 + 4t+ 1

and

|a4| ≤ 64t3 + 32t2 − 104

3
t+

7

3
.

Corollary 3.4. If g(z) belongs to the class MD(1, t) then;

|a2| ≤ 2t+ 1,

|a3| ≤
16

3
t2 +

8

3
t+ 1

and
|a4| ≤ 16t3 +

16

3
t2 +

52

3
t+

5

3
.

Corollary 3.5. If g(z) belongs to the class MD(0, t) then;

|a3 − σa22| ≤

t σ ∈ [σ1, σ2]∣∣∣∣σ(16t2−8t+1)−(8t2−1)−8t2

4

∣∣∣∣ σ ̸∈ [σ1, σ2]

Corollary 3.6. If g(z) belongs to the class MD(1, t) then;

|a3 − σa22| ≤


4t
3 σ ∈ [σ1, σ2]∣∣∣∣G(σ,t)

3

∣∣∣∣ σ ̸∈ [σ1, σ2]

where

G(σ, t) = σ(1 + 2τ)(4t2 − 4t+ 1)− (8t2 − 3)− 8t2 + 12t.
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4. DISCUSSION

In this work, a novel class of normalized analytic univalent
functions, denoted as MD(τ, t), is introduced. These functions
are defined through the subordination of Chebyshev polyno-
mials of the second kind. The initial coefficients for this class
are derived. Additionally, the study explores the Fekete-Szego
functional associated with this class, although the abstract cuts
off before detailing the specific findings in this regard. Overall,
the work presents a fresh perspective on univalent functions
and their connections to Chebyshev polynomials, laying the
groundwork for further investigation into their properties and
applications for more details [19]–[22].

5. CONCLUSION

In conclusion, this work introduces the class MD(τ, t) of
normalized analytic univalent functions, defined by the sub-
ordination of the second kind Chebyshev polynomial. Initial
coefficients for this class were derived, and the Fekete-Szego
functional associated with it was investigated, for more details
see [23]–[27].

REFERENCES

[1] Anand, S. W., Naveen, K. J. and Sushil, K., (2020), Certain estimates
of normalized analytic functions, https://arxiv.org/abs/2007.09667.

[2] Doha, E.H., (1994), The first and second kind Chebyshev coefficients of
the moments of the general order derivative of an infinitely differentiable
function, International Journal of Computational Mathematics, 51 21-
35.

[3] Dziok, J., (2013), A general solution of the Fekete-Szego problem,
Boundary Value Problems, 98.

[4] Fadipe-Joseph, O. A., Adeniran, N.A., Kadir, B.B., and Adeniran, E.O.,
(2017), Coefficient bounds for the function in the class of Sigmoid
function, Ilorin Journal of Science, 006.

[5] Fadipe-Joseph, O. A., Bilikis, B. K., Sunday, E. A. and Esther, O. A.,
(2018), Polynomial bounds for a class of univalent function involving
sigmoid function, Khayyam Journal of Mathematics, 4(1), 88-101.

[6] Fadipe-Joseph, O. A. and Opoola, T. O., (2009), Subordination principle
in univalent functions theory, African Journal of Science and Technology,
Science and Engineering Series, 10(1), 89 - 92.

[7] Goodman, A.W., (1979), An invitation to the study of univalent and
multivalent functions, International Journal of Mathematics and Math-
ematical Sciences, 2(2), 163-186.

[8] Hari, M.S., Nazar, K., Maslina, D., Shahid, K., Qazi, Z.A. and Saqib H.
(2020), Fekete Szego Type problems and the applications for a subclass
of q-starlike functions with respect to symmetrical points.Mathematics,
8, 842.

[9] Mason, J.C., (1967), Chebyshev polynomials approximations for the L-
membrane eigenvalue problem, SIAM Journal of Appled Mathematics,
15, 172-186.

[10] Murugusundaramoorthy, G., Frasin, B. A. and Tariq, A., (2020), Uni-
forming convex spiral functions and uniformly spirallike function asso-
ciated with Pascal distribution series, https://arxiv.org/abs/2001.07517,
2(07517).

[11] Najafzadeh, Sh. and Salleh, Z. (2022), Univalent functions by means of
Chebychev polynomials, https://doi.org/10.1155/2022/9679912

[12] Pommerenke, C., (1975), Univalent functions, Studia Mathematica
Mathematische Lehrbucher, Vandenhoeck and Ruprecht.

[13] Sahsene Altinkaya and Sibel Yalcin, (2016), On the Chebyshev polyno-
mial bounds for the classes of univalent Functions, Khayyam Journal of
Mathematics, 2(1), 1-5.

[14] Shiba, M., (2004), Conformal mapping of Riemann surface and the
classical theory of univalent functions, Nouvelle series, 89(75), 217-232.

[15] Sivaprasad K.S. and Virendra K., (2013) Fekete Szego problem for a
class of analytic functions, Stud Univ. Babes-Bolyai Mathematics, 58(2),
181-188.

[16] Teodor B. and Gangadharan M.,(2020), Univalent functions with positive
coefficients involving Pascal Distribution Series, Communication Korean
Mathematical Society, 35(3), 887-877

[17] Whittaker, E.T. and Watson, G.N., (1963), A Course of Modern Anal-
ysis: An Introduction to the General Theory of Infinite Processes of
Analytic Functions; with an Account of the Principal Transcendental
Functions, 4th ed., Cambridge University Press.

[18] Yasamian, M. R., Ebadian, A. and Foroutan, M. R., (2020), New criteria
for univalent, starlike, convex and close-to-convex functions on the unit
disk, Mathematics Interdisciplinary Research, 5 207-223.

[19] Adekoya, B. J., Chukwuma, V. U., Adebiyi, S. J., Adebesin, B. O.,
Ikubanni, S. O., Bolaji, O. S., ... & Bisuga, O. O. (2023). Ionospheric
storm effects in the EIA region in the American and Asian-Australian
sectors during geomagnetic storms of October 2016 and September
2017. Advances in Space Research, 72(4), 1237-1265.

[20] Faweya, E. B., Olojede, D. S., Adewumi, T., & Ikubanni, S. O. (2023).
Radiogeochemistry, mineralogy, lithology, radiogenic heat production,
and health implication using airborne radiometric data of Ilesha and its
surroundings. Environmental Monitoring and Assessment, 195(5), 620.

[21] Fadugba, S. E., Shaalini, V., Okunlola, J. T., Olukayode, S., & Ayinla,
F. O. (2023). Development and Analysis of a New Third Order Method
for Solving Initial Value Problems in Ordinary Differential Equations.
Development, 1(2), 130-135.

[22] Adebesin, B. O., Ikubanni, S. O., Adebiyi, S. J., Bakare, N. O., Okoh,
D. I., Adeniyi, J. O., & Adekoya, B. J. (2023). Pattern of F2-layer
peak electron density across African Ionosonde locations and response
to solar activity. Advances in Space Research, 72(3), 884-896.

[23] Srivastava, H. M., Shaba, T. G., Ibrahim, M., Tchier, F., & Khan, B.
(2024). Coefficient Bounds and Second Hankel Determinant for a Sub-
class of Symmetric Bi-Starlike Functions Involving Euler Polynomials.
Bulletin des Sciences Mathématiques, 103405.
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