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ABSTRACT
















The Seemingly Unrelated Regression (SUR) estimator was used in a Monte Carlo experiment.  Data sets were generated for samples sizes: N=10, 20, 50 and 100. Adjusted  Wald () and Wald () were used to measure the goodness-of-fit and linked to, in comparison with other goodness-of-fit measures (McElroy , Akaike Information Criterion (AIC),  Bayesian Information Criterion (BIC)) for model adequacy in variable selection using the backward elimination procedure. The independent variables and the random disturbances were tested to confirm their distributions using Shapiro-Wilk test of normality. Pearson correlation matrix was used to establish the contemporaneous correlation between the error terms in the equations and the pairwise correlations between the independent variables. The five measures were tested with the generated data and the results showed that the convergence of  and  measures was faster than that of McElroy , and gave similar results as AIC and BIC. andmeasures remain unchanged when the extreme (irrelevant) variables were eliminated but the sharp change in the measure was obvious when one relevant variable was eliminated from the model. The convergence of McElroy  was very slow compared with the other four measures and the change in the measure was not visible when one of the relevant variables was eliminated. The Adjusted Wald () and Wald () are adequate measures for determining Seemingly Unrelated Regression models in the scenarios for this study.
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INTRODUCTION
The Seemingly Unrelated Regression (SUR) model proposed by Arnold Zellner (1962) is a generalisation of a linear regression model that consists of several regression equations, each having its own dependent variable and potentially different sets of exogenous explanatory variables. The estimates are consistent, however generally not as efficient as the SUR method, which amounts to feasible generalised least squares with a specified form of the variance-covariance matrix. 
Information criteria used as alternative to R2are based on the likelihood of the data given a ﬁtted model (the ‘likelihood’) penalised by the number of estimated parameters of the model. Commonly used information criteria include Akaike Information Criterion (AIC) (Akaike 1973), Bayesian Information Criterion (BIC), (Schwarz, 1978) and the more recently proposed Deviance Information Criterion (DIC), (Spiegelhalteret al., 2002; reviewed in Claeskens and Hjort 2009; Grueberet al., 2011). Information criteria are used to select the ‘best’ or ‘better’ models. (Burnham and Anderson, 2002). This work is basically aimed at determining model adequacy for SUR model. The rest of the paper is organised as follows: Section 2 illustrates the theory behind the methodology followed by the design of the simulation experiment in section 3. Analysis and discussion of results are presented in sections 4 and 5. In Section 6 some concluding remarks are provided.
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MATERIALS AND METHODS
The SUR model, proposed by Zellner (1962) can be viewed as a special case of the generalised regression model
,. 								(1)

The basic SUR model assumes that, for each individual observation, there are M dependent variables  , each with its own linear regression model. Stacking of observations over [image: ],

										(2)
where[image: ]  and  are N-vectors and  is an  matrix, where 
is the number of regressors for the  regression.
Stacking into an MN-dimensional vector y, with a corresponding arrangement for the error term, coefficient vectors, and regressors;
[image: ],	[image: ],	[image: ],				(3)	
and
[image: ],				
With											(4)
With this notation, and the individual assumptions for each equation [image: ], it follows that
[image: ]	

							(5)						
This non scalar covariance matrix is a particular mixture of the matrix

								(6)

and the  identity matrix . A notation system for such combinations was proposed by Kronecker product notation; with this notation, 

											(7)
for the stacked SUR model. 


The feasible seemingly unrelated estimator  or equivalently, feasible generalized least squares estimator   is given by

							(8)
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Design of The Simulation Experiment






A Monte Carlo simulation was carried out with sample sizes 10, 20, 50 and 100, to test the effectiveness of  and  statistic for variable selection. Five statistics (,, McElroy [image: ], AIC and BIC) were used to determine the model adequacy for SUR model. Data were generated to compare  and statistics as measures of goodness-of-fit with AIC, BIC and McElroy R2 in SUR model. The SUR model used to simulate the data consists of three equations and five exogenous variables with six parameters each:
[image: ]
[image: ]
[image: ]					
The model was initially specified by adding another two extreme variables termed as irrelevant variables in each equation. The vectors of X’s were generated from uniform distribution as follows:

[image: ]~ U(8, 13), [image: ]= [image: ]~ U(7, 11), [image: ]= [image: ] ~ U(5, 10), [image: ]= [image: ]~  U(4, 17), [image: ]~ U(6, 16), [image: ]~ U(3, 15), [image: ]= 2, [image: ] = 5, [image: ] = 6, [image: ] = 3,[image: ]= 4, [image: ] = 7, [image: ]= 9, [image: ]= 8, [image: ] = 3 for sample sizes N=20 and N=100. The relevant variables [image: ]=  [image: ]= [image: ]and  [image: ] = [image: ]=[image: ]were generated from U(15,115) and U(3,163), respectively, where[image: ], [image: ],[image: ],[image: ],[image: ]and [image: ]equal to 0.Three mutually independent  are series of random normal variates of sample sizes N= 10, 20, 50 and N=100. They were generated and transformed to ensure that the disturbance terms were contemporaneously correlated and distributed as N (0,∑).


 Let   where,   = 0.


Decomposition of  
The decomposed variance - covariance matrix, gave
[image: ] , [image: ]			
The three random disturbance series for the lower triangular matrix are formed using
[image: ]										
[image: ][image: ]							

U1=0.6985


U2=0.3921+0.7141



U3=0.6+0.7 + 

PRESENTATION OF RESULTS
Table 1: Shapiro-Wilk Test of Normality
	 Variables
	W
	p

	

	0.9513
	0.68

	

	0.9184
	0.34

	

	0.8474
	0.05

	

	0.9622
	0.81

	

	0.8936
	0.19

	

	0.9184
	0.34

	

	0.8474
	0.05

	

	0.9044
	0.25

	

	0.9622
	0.81

	

	0.8936
	0.19

	

	0.9044
	0.19

	

	0.9689
	0.88

	

	0.9444
	0.6

	

	0.9622
	0.81

	

	0.8936
	0.19

	

	0.9421
	0.58

	

	0.9808
	0.97

	

	0.9839
	0.98


 (
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The p-value > 0.05 implies that the distributions of the data are not significantly different from normal distribution, hence, normality is assumed.

Table 2: Estimates of Measures of Goodness-of-Fit for the Full Model 
	N
	
McElroy 
	

	
Adjusted 
	AIC
	BIC

	10
	0.99996
	0.9987
	0.9968
	63.8997
	97.52846

	20
	0.99930
	0.9955
	0.9936
	168.4450
	218.7090

	50
	0.99908
	0.9959
	0.9954
	368.0371
	440.2923

	100
	0.99915
	0.9959
	0.9957
	694.2169
	783.1077



Table 2 shows the estimate of the parameters in the SUR model with all the 18 parameters and 15 independent variables referred to as a full model. The averages of the goodness-of-fit measures are used as the estimates of all five statistic(s) in N= 10, 20, 50 and N=100.
Table 3: Estimates of Measures of Goodness-Of-Fit for the Reduced Models at the end of Iteration 1
	N
	Reduced model
	McElroy
 
	[image: ]
	Adjusted 
  [image: ]
	AIC
	BIC

	10
	Mean
	0.9990
	0.9972
	0.9935
	62.0420
	94.9252

	
	Standard error
	1.24E-05
	0.0014
	0.0031
	1.3098
	1.3197

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	6.50E-05
	0.0015
	0.0033
	1.8576
	2.6033

	20
	Mean
	0.9993
	0.9952
	0.9933
	165.4810
	213.6510

	
	Standard error
	0.0001
	0.0008
	0.0011
	1.5546
	1.5546

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	3.78E-05
	0.0003
	0.0002
	2.9638
	5.0582

	50
	Mean
	0.9990
	0.9947
	0.9941
	364.1305
	433.3752

	
	Standard error
	3.01E-05
	0.0013
	0.0014
	1.2481
	1.2481

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	3.90E-05
	0.0007
	0.0008
	3.9066
	6.9171

	100
	Mean
	0.9990
	0.9947
	0.9944
	679.1260
	780.4261

	
	Standard error
	1.38E-05
	0.0015
	0.0016
	2.8524
	5.7857

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	0.0002
	0.0012
	0.0013
	15.0909
	2.6816
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The optimal values of statistics at the end of iteration 1 are summarized in Table 3.  The values of McElroy [image: ]of the reduced models almost remain unchanged within the same simulation run when dropping one variable at a time in all the sample sizes. The optimal values of the averages of the other four measures of the reduced models are significantly different from the full model. The significant level used in the tests for the simulation is[image: ]= 0.05.This was repeated until convergence was reached after the sixth iteration. The values of McElroyof the reduced models almost remain unchanged within the same simulation run when dropping one variable at a time in all the sample sizes. There was decrease in the values of and adjusted  from the corresponding values in the full model in all the sample sizes. The AIC and BIC show the significant improvement in the goodness-of-fit measure in N= 10, 20 and N=50. 


TABLE 4:  Estimates of Measures of Goodness-Of-Fit for the Reduced Models at the end of Iteration 7
	N
	Reduced model
	McElroy [image: ]
	

	
Adjusted  
	AIC
	BIC

	10
	Mean
	0.9993
	0.9921
	0.9875
	87.5413
	111.3615

	
	
Standard error
	6.66E-05
	0.0032
	0.0050
	2.1186
	2.0590

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	0.0007
	0.0066
	0.0093
	-23.6416
	-13.8330

	20
	Mean
	0.9992
	0.9895
	0.9871
	159.232
	194.836

	
	Standard error
	0.0001
	0.0040
	0.0049
	0.7375
	0.7375

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	0.0001
	0.0059
	0.0065
	9.2128
	23.8732

	50
	
Mean
	0.9990
	0.9902
	0.9894
	358.2417
	409.4225

	
	Standard error
	4.59E-05
	0.0038
	0.00408
	1.2783
	1.2783

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	6.10E-05
	0.0047
	0.0049
	9.7954
	30.8698

	100
	Mean
	0.9990
	0.9901
	0.9898
	699.5847
	762.5490

	
	Standard error
	7.45E-05
	0.0033
	0.0034
	3.7903
	3.7903

	
	Full model-
R  e  d  u  c  e    m  o  d  e  l
	0.0002
	0.0058
	0.0059
	-5.3678
	20.5587




Variables , were permanently dropped in turn. All irrelevant variables were eliminated and the reduced models encompass only the relevant variables in the SUR model. The result  shows  that  all  remaining statistic indicate that any additional elimination of independent  variables  will  deteriorate  the  goodness-of-fit  of  the model significantly.

SUMMARY OF RESULTS
The backward selection procedure was used in the study because of its advantage over forward selection and stepwise regression in its ability to have considerable predictive capability; it starts with every set of variables in the model so their joint predictive capability will be seen. Fifteen independent variables and random variables were tested using Shapiro-Wilks test for normality and Pearson correlation test revealed a significant contemporaneous correlation in the equations.
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From the result, the averages of the five measures of the reduced models were all significantly different from the full model in all the iterations for sample sizes 10, 20, 50 and 100.  ,, And as shown in the last iteration, AIC and BIC showed that continuous elimination of the relevant variables will weaken the goodness of fit of the model. The four statistic(s) ,,AIC and BIC selected only relevant variables and removed all irrelevant variables in the model, this brought about the sharp change  as shown in figures 1, 2, 3, 4, 5 and 6 while the McElroy[image: ]statistic remains almost unaffected with the elimination of relevant variables since it is equal to (0.9999,0.9993,0.9990,0.9990) in the full model of N=10, 20, 50 and 100 respectively, and its maximum value in the reduced model, which drops all irrelevant variables and one of the relevant variables is equal to (0.9993,0.9992,0.9990,0.9990). 

CONCLUSION










From the results obtained, it can be concluded that the characteristics of   and  are similar to the well-known AIC and BIC in variable selection for a SUR model. The sharp change is necessary in order to terminate the elimination of independent variables from the model when only one sample is available. Therefore  and statistic(s) can solve the underfit and overfit problem in practice.  The advantage of   and  statistic(s) over the information criteria is that the values of  and statistic(s) can indicate how close the model is to the true model since the maximum values of the proposed  and adjusted  statistic(s) are known to be equal to 1. The analyst knows from this property how close the model fits the data in the case of the single equation model.
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