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1.0INTRODUCTION

It is fast becoming a major means of getting prbfi investing money in different securities, nayn
bonds, equities, e.t.c. Though, it is possibly ¢b grofits from the investments but attached t@¢hsecurities is
different measure of risk. Hence, it has becomeenaive that we find a solution to the problem afamcing the
profit and risk in the portfolio.

Quadratic programming is a unique case of mathealabptimization problem. It is the problem
maximizing or minimizing a quadratic function whetee variables are subject to linear constraintsadpatic
programming is used in portfolio optimization fonet formulation of the mean-variance optimization
investments judgements under uncertainty. (Marknwi®59).

Portfolio management is a major aspect of econmiuia finance. Portfolio management, for an inve
that has different assets to trade in, is choosjtgmal investments, that is, how many shares césset should
he/she buy and hold for him/her to maximise sonteré depending on his/her total wealth and/orsconption.
The portfolio that meets this criterion is known efficient portfolio. The theory of portfolio optization was
developed by a renowned economist, Harry Markowitthe 1950's and he was rewarded with a NobelePiriz
Economics in 1990.

One of the major applications of quadratic prograng is the portfolio selection problem. Accorditzg
Fernando (2008), portfolio optimization is also wmoas the mean-variance optimization, where thennieghe
expected value of the return of the investmentthedvariance is the measure of the risk involveth@portfolio.
Now the two major competing goals of an investmetbng-term increase in capital and low risk. TWarkowitz
model is an optimization model that specialisebatancing the risk and return of the portfolio. Thain idea of
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20 Onanaye, A.S. & Agbolamagbin, P. O

Markowitz’s portfolio optimization problem is thtte portfolio’s return is a function of its risk.
The portfolio risk is measured from historicalaathile the portfolio return is the expected futteturn.

The major area of applied mathematics coveredim piroject is Financial Mathematics which is caneel with the
formulation, validation and implementation of mattaical financial models. Modern portfolio theotjoavs the idea of
diversification in investing, with the aim that sefion of a collection of different assets haseudlively lower risk than

that of an individual asset.
1.2Quadratic Programming

A Quadratic programming problem is a problem whire objective is a quadratic function of the decis
variables, and the constraints are linear functmfnthe variables. A quadratic programming probienits standard form

can be written as
. 1
min, EXTQX + cTx

subjectto (4)

According to Reha (Spring 2003), when Q is a pasisemi definite matrix, then the quadratic prognsing
problem is a convex function of x, which is true fmrtfolio optimization problems. QP problems havay one feasible

region but the optimal solution may be found anysehgithin the region.

A widely used QP problem is the Markowitz meaniaace portfolio optimization problem, in this cafe
guadratic objective function is the portfolio varée and the linear constraints specify a lower Hdien portfolio return.

According to Fernando (2008), there are variousitdations of the portfolio optimization problems:
» Maximizing expected return for a given level okris
* Minimizing risk for a given value of expected retur
* Minimizing risk and maximizing expected returnsngsa specified risk aversion factor.
* Minimizing risk irrespective of expected returns.
e Maximizing expected return irrespective of risk.

The above scenarios may have equality and indguanstraints, linear or nonlinear constraints aadlifferent

methods can be used to solve them.
1.3 Problem Statement

In times past, investors have majorly used theisoning and other approaches in the selectiomamégement
of their portfolio and later realised that mistakkes/e been made. This study is about how scierdjficroach, that is,
guadratic programming can be used to avoid suctakas and help in optimal portfolio management. G&se study to be

used in implementation of this work is the NigeBitack Exchange.

Impact Factor (JCC): 4.6257 NAAS Rating: 3.80



Quadratic Programming as an Optimization Tool for Portfolio Management 21

1.4 The Quadratic M odel

Let us assume that an investor hatifferentassets. Therate of return on each of the asset, say= 1,...,n, is a
random variable with expected valoe The problem of the investor is to know what fractof total funds she should

invest in each assefor him to minimize risk, for a given minimum exyted rate of return.

Let F denotes the covariance matrix of rates of ass#tsns. The mean-variance model consists of minmirgiportfolio

risk which is given as,
1.7
X Fx (5)
which is subject to a set of constraints.
The expected returns should be greater than amaimate of returmthat the investor wants,
i=gMiX; =T (6)
The portfolio vectoxmust satisfy,
1x =1 (7)

The optimization problem becomes a quadratic @mogning problem, because the objective function is

guadratic, and the constraint is linear,
(Source: Math Works)
2.0BASIC CONCEPT OF PORTFOLIO OPTIMIZATION

However important the linear programming modelitishas its limits. This is where quadratic prognaimg
comes in, since not all physical phenomenons aeati The quadratic model allows the objective tioncto be quadratic.
(Gerard, 2005).

The sharing of capital over different investmembices is called a portfolio. (Elke and Ralf Ko2007)
The portfolio selection problem can be devisetblsws;

Min XTQX=V(r)

maxpu'X=E(r,) (8)
s.t.Ax<b, I'X=1

L<x=<U

Where X is the share on individual assets, Q ésabvariance matrix of rates of returns, y{s the measure of

the portfolio risk, E() is the expected portfolio returnand | is the loweund, u is the upper bound.

This model has two major objectives as shown bykiehaitz, (1959). Two main objectives are general to

investors,
» They want the portfolio return to be high.

e They want this return to be steady and not sulbgeahcertainty.

www.tjpre.org editor @tjprcorg
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(Marcus and Ralph, 2008).

We also have other formulations of the portfoligtimization problem, for example Bodie, Kane andrdls

(2004) looks at it by,

Min X"QX

stu'X=e 9)(
Ax<b, x>0

Where e is the specified expected return. Theigl&mminimize risk for a given expected return

We can also maximize the expected return for aifipé risk.

maxt X

st. XQX<m j10
Y= Xi=1

Where m is the specified maximum portfolio risknfia N., 2009)

Another formulation is the Markowitz model,

maxuR- (1-a)V
stx>0,i=1,.,n 11§
=1 Xi= 1

Wherea is a risk-aversion factor, R is the total retumeach asset and V is the variance. (Markowitz9195

Markowitz’s work suggested that the choice betwesihand return dfers for eachinvestor, butthe preferences of

all people lie upon a false curve, which is usuadiited the “efficientfrontier”.

21

Efficient Frontier

Figure 2.1: Efficient Frontier

(Source: Anna Nagurney.Portfolio Optimization.2009)

An efficient frontier is a portfolio that is meamriance efficient. That is, the portfolio minimgesk for a given

expected return and maximizes return for a spekifgk. (Kroll and Levy, 1984).

For instance, assume we have two securities, ABamdth the following risk-return values.

Impact Factor (JCC): 4.6257 NAAS Rating: 3.80



Quadratic Programming as an Optimization Tool for Portfolio Management 23

A B C
1 Security A Security B
2 Expected Returns 12% 20%
3 Standard Deviation 20% A0%
4
5 Correlation -0.2
Figure2

We combine these two a securities to create dafiortIn the portfolio, we can combine the two ggties with
different weights for each asset to create a wéahge of portfolios having different risk-return was. For example, if we

take 50% of each asset, the expected return skafrthe portfolio is given as follows,
E(R) = 0.50*12% + 0.50*20% = 16%
o = Sgrt (0.2072*0.5"2+0.4072*0.5"2+2*(-0.2)*0.5*¢%.2*0.4) = 20.49%

The table below gives the risk-return values fa@ different portfolios created by combining theotsecurities

with different weights.

Portfolio A Proportion B Proportion Expected Return Standard Deviation
1 1 o 12.00% 20.00%
2 0.9 0.1 12.80% 17.64%
3 0.76 0.24 13.92% 16.27%
4 0.5 0.5 16.00% 20.49%
5 0.25 0.75 18.00% 29.41%
] 0 1 20.00% 40.00%
Figure3

The return and risk of the portfolios created barplotted with return on Y-axis and risk on X-axitie graph is

given belowand is called the efficient frontier.

Figure4

Efficient Frontier

22.00%

20.00%

. /
. /

/

\

Return

14.00%

12.00%

10.00% T T T T 1
0.00% 10.00% 20.00% 30.00% 40.00% 50.00%
Risk

Source: Finance Train)
A portfolio that meets all the specified consttails known as &easible portfolio (Kenneth, 2005).

The reduction in the variation of the rate of rathy sharing the capital over different investmasgets is known

as the diversification effect. (Ralf Korn, 2007).
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24 Onanaye, A.S. & Agbolamagbin, P. O

2.3 Computational | mprovementsin Portfolio Optimization

The Markowitz's model has been used since somad#scago as the basis for the development of tldemo
portfolio theory. However, different from its hypetical views, it is not used to constructlargelesgaortfolios. (Konno,
1991). The most important reason for this is thécdity of solving a large-scale quadratic prograimg problem with a

dense covariance matrix during computation. (Yarkia2®£91).

3.0METHODOLOGY
3.1 A General Optimization Problem

In general, the optimization problem is formulageda functior of n variables x= (x...,x,) written as
f () =1 (X, %)

This function f (x,...,x,) is called the objective function and the variable= (x,..., %) are called decision

variables.

Optimization Constraints

Theorem 1: Concave and Convex function
If a function say, f(x) has second order derivadiin [a, b],
» Then f(x) is convex on the interval [a, b], if(k) > O, for all x. We say that f(x) is strictly convéxf "(x) > 0.
» Similarly, f(x) is concave if, f(x) < 0, for all x. Also f(x) is strictly concave if,
f"(x) <0.
(proof omitted)

3.2 KKT Optimality Conditions

Theorem 2
Assuming that x is a local minimum of the QP pesb)
Min%xTQx +cTx
Ax=b (3a)
x; > Ofor all i
So that it satisfies the constraints and that pssitive definite matrix. Then we have vect@nd v such that,
Alu-Qx-v=c
v>0 (3b)
x;v; = 0,Vi
Therefore, x is a global solution. (Proof omitted)
Definition 1

The Karush-Kuhn-Tucker conditions given above t®kection of conditions for,

Impact Factor (JCC): 4.6257 NAAS Rating: 3.80
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» Primal feasibility: Ax=b, x>0

e Dual feasibility: ATu—Qx—-v=c,»0

e Complementary dackness. x;v; = 0,Vi

3.3 Extension of Simplex M ethod

Now for theextended simplex method,we did the following.

e Construct the main KKT conditions for non-negatixegiables for the problem.

e Add slack and surplus variables for the inequalitie

» Add artificial variables for any equation that does have obvious basic variables.

» Use the following modifications;
* Never pivot such that the surplus variable andotisic variable both become basic.
* Never pivot such that the surplus/slack variable tlve KKT multiplier both become basic.
To construct the KKT conditions for the problem ave,
The Karush-Kuhn-Tucker conditions given as:

e Primal Feasibility: Ax=b, x>0

« Dual Feasbility: Alu—Qx—v=c, 0

e Complementary Slackness: x;v; = 0,Vi

4.0APPLICATION OF QUADRATIC PROGRAMMING USING CASE STUDY
4.1 Research Case Study

In this work, we used two assets namely, FIRST BANIGERIA PLC, NIGERIA BREWERIES stocks. The

expected rate of return and the risk is given below

Table 4.1: Annual Rate of Returnsand Risk for First Bank, Nig. Breweries Stocks

The values in the table above are results frond#iky stock prices from 2010-2013.

www.tjpre.org

First bank Nigeria
(FB) breweries(NB)
Expected returns 20.7% 20.6%
Variance 0.008% 0.012%
Covariance 0.0067
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STOCK PRICE
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Graph 4.1: Stock Price of Nigeria. Breweries. In 2010-2011
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Graph 4.1: Stock Price of First Bank Nigeria in 2010-2011

Let’'s assume we have capital K that is to be iragtsind we have two assets A and B. We also inveat@uni
Xy in asset A and investxn asseB. Let’s denote ,/K,which is the share of the capital invested iseasA, by 1 and
denote ¥K,which is the share of the capital invested isedB, by ». The asset A has expected rate of ret,%, also

asset B has expected rate of rety#a.rTher we have the total return€sfrom investment after a year

r*

== Y1+ Y e (@)
yity:=1

y1,y2 20

We have the total variance,

Var(y;.vield, + v,.yield,) = y?.Var(yield,) + y2.Var(yield,) + 2.y,.y,Cov(yield,, yield,) (b)

Let's assme that we have a capital N 100,000 and the minimum total returns we want fiowesting in bott
assets is 23%. Then we use thean-variance principle to minimize the risk subject to the maximum expéateturns

Using Tab 4.1, we have the total return:

Impact Factor (JCC): 4.6257 NAAS Rating: 3.80
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r* =y, *20.7 +y, * 20.6 (c)
We also have total variance as,
y2 % 0.007 + y2 * 0.007 + 2.y,.y, * 0.0067 (d)
So we have,
min 0.02y? + 0.01yZ + 0.01y,
subject to 20.7y, + 20.6 y, <23
yity,;=1
Y1, Y2 =0
Note that yis the share invested in First Bank Stock aid the share invested in Nigeria Breweries.

The above minimization problem is a quadratic paagming problem and we use the extended simplekadet
to solve the problem.

max —0.02y? — 0.01y2 — 0.01y; = z

subject to 20.7y, + 20.6 y, <23
nty, =1

Y1,¥2 =20
The problem is converted to a maximization problgntetting min z to be max —z.

We first find if the given function is concave @ynvex.

0z

7o = —0.04y; - 0.01
0z
= —0.02y,
0%z
oy = —0.04
0%z
P —0.02
9%z
0y10y2
sz 0%
oy? 0y, 0y
H(Y) = 62; 6122 :
0y10y> @
=004 0
HO) =76 o0
10
I'= |0 1|
www.tjpre.org

editor @tjprcorg



28 Onanaye, A.S. & Agbolamagbin, P. O

1A 0
Al = 0 1
—0.04-2 0
HO) =) = |77 0074

Determinant oH(y) —A(I) =0

(—0.04 — )(-0.02-21) =0

A(A 4 0.04) + 0.02(1 + 0.04) = 0

A =—-0.04,-0.02
Therefore the function is concave sifics negative.
0(y,1) = —0.02y2 — 0.01y%Z — 0.01y; + 1,(23 — 20.7y; — 20.6 y,) + L,(1 —y; — y,) *
Differentiate * w.r.t yand y

Oy, = —0.01 — 0.04y, —20.74; — A, = —p; (a)
0y, = —0.02y, — 20.64, — A, = —u, (b)
Wherep,andy, are surplus variables.

Y1, Y2, A1, A, gy 2 0

paxy = 0, upx; =0

Differentiate w.r.td;, 4,

01, =23 —20.7y, —20.6y, = 5; (¢)

0, =1-y; -y, =5, (d)

WhereS;, S, are slack variables.

M8 =0 1,5 =0

4.2 KKT Conditions

From equations a, b, ¢ and d, we get.

0.04y; + 20.74; + 1, — u; = —0.01

0.02y, + 2064, + 1, —pu, = 0

20.7y; + 20.6 y,+S, = 23

ntyt+S; =1

Introducing artificial variables fand A to the first two equations to obtain a feasiblieigon of the problem.

max —A; — A,

subject to 0.04y; + 20.74, + A, — u, = —0.01

Impact Factor (JCC): 4.6257

NAAS Rating: 3.80
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0.02y, +20.64; + 1, —p, = 0

20.7y; + 20.6 y,+5; = 23

Vi + y.+S5, =1

Y1, Y2 M, Ay Uy, 2, 81,52, = 0
Now we solve the problem using Simplex Method:

Table 4.2: First Tableau

-1 A, 004 | O 1| o] o o] 207 14 -1 o 0.01
1 A, 0 [ 002 0| 1| 0] o] 206 1 o] 1 0
0 ) 207 | 206 0| o] 1] o0 0] 0o o] o 23
0 S, 1 1 0 [ o] o 1 0| o o] o 1
Z,— 004 002 1| 1| o of 401 2 o o

If we make sure that the pait,(S;) and {1, x;) are not basic at the same time then the condifigh = 0, and

u1x, = 0 will be satisfied.

Although we have thaZ; — C; is smallest in the columni, 4, they cannot be made basic variables Sifiges,

are already basic variables. Therefgrenters andi, leaves.

Table 4.3: Second Tableau

0 V1 1 0 -25 0 0 0 517.5 25 0 0.25
-1 A, 0 0.02 0 -1 0 0 20.6 1 -1 0
_7 =
0 S, 0 20.6 | 5175 0 1 0 8869. 5175 17.825
0 S, 0 1 25 0 0 0 -517.5 -25 0 0.75
Z; —C; 0 -0.02 0 1 0 0 -20.6 -1 0

Although we have thag; — C; is smallest in the columni it cannot be made basic variables sisgds already

a basic variable. Therefoggenters and,leaves.

Table 4.4: Final Tableau

1 0 0
-1 A, 0 0 -0.5 -1 0 -30.9 -1.5 -1 37.5
0 S1 0 0 2.5 0 1 -1790.8 -2.5 0 2.34
0 v, 0 1 25 0 0 0 517.5 0 0.75
Z; =G 0 0 0.5 1 0 30.9 1.5 1
www.tjpre.org editor @tjprcorg
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Since all elements in thg; — C; row are non-negative, therefore the current beaiigtion is the optimal solution.
The values for yand y are 0.25 and 0.75 respectively. The associatezttbg function is 0.009%.
4.3Discussions of Solution

From the problem solved, we see that for the irrest have a minimum rate of return of 23% he loaimvtest a share of
0.75 in the First Bank stock and a share of 0.2hénNigeria Breweries Stock. The rate of returthef portfolio is subject

to 0.009% risk. The Simplex Method is the simphasthod to solve a Quadratic programming problem.
5.0 CONCLUSIONS

In conclusion, the quadratic programming methaighe simplest and most efficient way of optimiziag
investment portfolio. In the theoretical or praatistandpoint, the most efficient way of optimiziagportfolio is the
diversification effect, which is the reduction of fluctuation of the ratereturn by distributing the capital over diffate

securities.
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